Padé approximations in noise filtering  by Bessis, Daniel
ELSEVIER Journal of Computational nd Applied Mathematics 66 (1996) 85-88 
JOURNAL OF 
COMPUTATIONAL AND 
APPLIED MATHEMATICS 
Pad6 approximations in noise filtering 
Daniel Bessis x 
C. T.S.P.S., Clark-Atlanta University, Atlanta, GA 30314, USA 
Received 22 August 1994; revised 16 March 1995 
Abstract 
We first recall the results on the distribution of poles and zeros of Pad6 approximations to noisy Taylor series around 
a point. We then report he numerical experiment on noisy data coming from inelastic electron-scattering cross-sections 
on rare gases, as functions of the momentum transfer at fixed energy. We apply the Thiele algorithm (Pad6 approxima- 
tions of type II) to those data, which are known to belong to an analytic function in a cut plane from - ~ to 0. In this 
case, the poles and zeros split into three families: 
(i) Doublet pole-zero at a distance of the order of the computer roundoff. 
(ii) Doublet pole-zero at a distance of the order of the noise in the experimental data. 
(iii) Remaining poles and zeros compatible with the analytic structure of the experimentally measured function. 
By throwing away the first two families of poles and zeros (noisy ones), we were able to obtain an excellent filtering of 
the data compatible with the analytic structure of the analyzed function. 
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1. Introduction and historical background 
An important question arises in numerical calculations when only a finite amount of information 
is available to the Pad6 approximation (P.A.) method. It is linked with the way the presence of 
noise in the input data from which the P.A. are constructed affects the final computed values. 
The most trivial origin of noise can be found in computer oundoff and also in experimental 
errors when the data come from experiments. 
One of the most unexpected result is that the noise is not distributed in an even manner at all in 
the complex plane in which the approximations work. There exist specific regions of high noise and 
others of low noise. 
The following example, due to M. Froissart and reported by Gilewicz I-4] gives an insight into 
the problem. 
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Consider 
F(z) = F(z) + N(z) = ~ (1 + er,)z" (1) 
n=O 
(where F(z) represents the analytical signal 1/(1 - z )  and N(z) the noise). The r's are random 
numbers of modulus maller than 1. e is the noise level, for instance = 1%. It is well known that 
N(z) has for natural boundary the unit circle with probability one. 
Computing the poles and zeros of the In~n] P.A., Froissart observed the following: 
(i) There is a very stable pole near z = 1 (true pole of F(z)). The error on its position is of order 
for the [1/1] P.A. and decreases as n increases. 
(ii) There is an unstable (as n changes) zero at a distance of order 1/e. 
(iii) All other poles and zeros cluster near the unit circle in pairs (called Froissart doublets). Their 
distance within a pair is of order e, unstable with n. They build up the natural boundary of the 
noise. 
(iv) Avoiding the doublets, the P.A. of F(z), are very close to F(z) within e, even if the modulus of 
z is large. 
To interpret such results, Gammel [2] conjectured that the Froissart noise function belongs to 
the Borel class of quasi-analytic functions: 
"==~ A, (2) 
. :  1 - ~ .z '  
where the ~, are densely distributed on the unit circle and the A, decrease rapidly with n. Then the 
natural boundary in the Weierstrass ense can be crossed and the Gammel-Nuttal  theorem I-3] 
shows that the P.A. converge in measure in the entire z plane except on the unit circle. 
2. Pad~ approx imat ions  as no ise fi lters 
In physics, one may think of using Pad6 approximants of type II (Thiele algorithm) to fit 
experimental data which are known to belong to an analytic function. 
We shall show on a generic example, how the specific distribution of the zeros and the poles of 
the P.A. in the complex plane allow noise filtering. 
We have analyzed the inelastic ross-sections of electrons on rare gases, Xe, Kr, and Ar, 
e + A ~e + A* (3) 
at few hundred electron-volt. 
We have first proved, using axiomatic theory, that, at fixed energy, the cross-sections are 
analytic functions of t = K z, the square of the momentum transfer I-1], in a cut plane from - 
to 0. 
The physical data (typically 14 values) are given for positive real t not too large. They have 
statistical errors embedded into them. Furthermore, the value t = 0 which cannot be reached 
experimentally, is of particular interest. At t = 0, sits a pole of the cross-section which explains why 
it is not experimentally reachable. However, the residue of the pole is again experimentally 
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Table 1 
Noisy poles and zeros coming from the experimental errors 
Real part Imaginary part 
Zero 
Pole 
Zero 
Pole 
Zero 
Pole 
0.0113765303075078761 
0.0113228299613030610 
0.0511992285288174823 
0.0516456157781191860 
0.0511992285288174823 
0.0516456157781191860 
0.0000000000000000000 
0.0000000000000000000 
0.0094648642978203342 
0.0092750916875470809 
- 0.0094648642978203342 
- 0.0092750916875470809 
Table 2 
Noisy poles and zeros coming from the computer roundoff 
Real part Imaginary part 
Zero 0.0293937374424563490 
Pole 0.0293937374424486399 
Zero 0.0293937374424563490 
Pole 0.0293937374424486399 
Zero 0.587392030111528E + 26 
Pole Infinity 
0.341535222086637E - 03
0.341535222093373E - 03
- 0.341535222086637E - 03
- 0.341535222093373E - 03
0.0000000000000000000 
0.0000000000000000000 
accessible in a different ype of experiment, namely in the photon-laser inelastic process: 
+ A ~7 + A*. (4) 
Due to the large analytically domain associated with the data, we are in a favorable situation to 
analyze the P.A. structure (poles and zeros). 
We used the Thiele algorithm with typically 14 input values, with an estimated noise of a few 
percent. We report here, for simplicity, the results of the cross-sections calculations for Xe at 
100 eV. 
From the 14 nearest values of t around zero and the corresponding cross-sections, we compute 
the [7/6] P.A. We have therefore 7 zeros and 6 poles. For convenience the 6 poles and 7 zeros have 
been split into three different families. 
In Table 1, we see three pairs of Froissart doublets (poles-zeros) whose inner relative distance is 
of the order of ½-2%. Those are associated with the experimental errors which are of this 
magnitude. 
In Table 2, we see again three pairs of doublets pole-zero, however, this time the inner distance 
is of order 10-13. This corresponds to a totally different ype of noise: the one generated by the 
computer oundoff. We have for convenience, added a fictious pole at infinity in Table 2, in order 
to compensate for the zero at 0.587 x 1026 to build a fictious [7/7]. 
Finally, in Table 3, what is left is the filtered pole and zero, after various polluting sources of 
noise have been taken away. 
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Table 3 
Filtered poles and zeros 
Real part Imaginary part 
Zero - 1.27697204268566034 0.0000000000000000000 
Pole - 0.01838610876105035 0.0000000000000000000 
3. Conclusions 
After filtering, the cross-section is represented by a [1/1] P.A. 
t -- Zs 
a(t) = K - - ,  
t -- Zp 
where zs and zp are the filtered values of Table 3. K is computed by quadratic minimization. 
We, therefore, fit with 3 parameters 14 data. Not only this represents a large compression, but the 
filtered data show explicitly the required analytic properties of the solution. The pole and zero, left 
after filtering sit on the left hand cut. Furthermore, z v is compatible with zero within 2%. Finally, 
the residue of the pole K(zp  - Zs) is readily obtained. Clearly, in this case the P.A. provided the best 
possible interpolation-extrapolation of experimental data in the presence of noise. 
4. Open problems 
Very little is known, from the theoretical point of view, about the distribution of poles and zeros 
of P.A. of type II in the presence of noise. This is in contradistinction with the case of P.A. of type I 
(see I-2]). 
We hope that this report will motivate deeper theoretical research on the subject. Importance of 
P.A. in noise filtering in the analyt ica l  case is of no doubt. 
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